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We study the dynamics of charged macroscopic particles �millimetric steel balls� confined in a linear channel
of finite length, sufficiently narrow to avoid particles crossing. We show that their individual response to
thermal fluctuations strongly depends either on their position in the channel or the local potential they expe-
rience. Three different dynamical regimes are identified. At small times, a “free regime” takes place, with the
outermost particles exhibiting the highest diffusion coefficient. This effect results from an “echo” of the
thermal fluctuations reflected by the channel wall. Then, forbidden crossing induces a correlated regime similar
to single file diffusion. Surprisingly, the corresponding mobility increases with the local potential. Lastly, the
finite length of the channel induces the saturation of fluctuations. We show that those behaviors may be
described heuristically with the help of models for N hard-core interacting particles diffusing in a finite channel
of length L, provided that we replace the uniform interparticle distance L /N by a characteristic distance
�kBT /K�1/2 built upon the temperature T and the stiffness K of the local potential. It provides a very satisfactory
estimate for the fluctuations sizes, whereas they are greatly overestimated assuming hard-core interactions.

DOI: 10.1103/PhysRevE.82.031201 PACS number�s�: 51.20.�d, 05.40.�a, 02.50.Ey, 74.25.�q

Single-file diffusion �SFD� describes the diffusion of par-
ticles in a channel wherein any crossing is forbidden. During
the last few decades, many studies have explored this one-
dimensional �1D� diffusion for infinite systems of hard-core
interacting particles �1–5�. The studies which investigate the
diffusion of long-range interacting particles in a finite length
channel �6,7� are less frequent. Nevertheless, this situation
corresponds to various interesting physical phenomena, such
as the dynamics of vortices in stripe superconductors �8� or
of ions in linear electrostatic traps �9�. To get a better under-
standing of this particular diffusion and determine its main
characteristics, we have studied the behavior of a set of me-
tallic balls interacting with tunable electrostatic forces, dif-
fusing in a rectilinear closed channel and submitted to a me-
chanical shaking simulating a thermal agitation. The
dependency of the diffusion upon the particle position is ana-
lyzed by considering the local potential experienced by each
particle. We show in particular that a “fluctuation echo” is
associated to the particles near the channel edges, which is
responsible for the increase of particle mobility with the lo-
cal potential.

Many important results concerning SFD in infinite or cir-
cular channels �ensuring periodic boundary conditions� have
been previously found both theoretically and experimentally.
SFD systems are generally modelized by a set of particles
with hard-core interaction undergoing a random walk along
an infinite line �1–3�. For these infinite correlated systems,
the mean square displacement �hereafter m.s.d.� �x�t�− �x��2

�where � . . . � means ensemble averaging over all the trajecto-
ries� varies asymptotically as t1/2 at large times. Indeed, after
an initial free diffusion, the collective motion of particles
have to be considered since the displacement of one particle
over a long distance in one direction requires the motion of
other particles and slows down the diffusion. The continuous
evolution from free diffusion toward SFD regime when mu-
tual passages are progressively forbidden has been well dis-
cussed �4�. The t1/2 scaling at large time is specific to the
case of an infinite set of diffusing particles. Indeed, for a

finite number of particles, the evolution of m.s.d. remains
linear with time with a diffusion constant strongly depending
upon the particle place in the sequence �5�. A t1/2 scaling is
also observed in cyclic 1D systems �2,10–12,17�. In this lat-
ter case, a return to an uncorrelated diffusion scaling at very
long times happens, the circular set of particles behaving as a
single effective particle, with a mass equal to the sum of the
masses of all the particles, freely diffusing in the circular
channel �2,11�.

Most of those theoretical studies are restricted to hard-
core interaction but recently, two important results have been
obtained for particles correlated by long-range interaction. It
was at first shown that a 1D system of particles interacting
with an arbitrary repulsive force, in the thermodynamic limit,
exhibits the typical SFD t1/2 scaling, provided that the corre-
lation length between the particles is of finite range �13,14�.
Second, simulations have demonstrated that the m.s.d. of
long-range interacting particles in cyclic systems vary as a t�

power law with � close to 0.5, slightly varying with the
particle interaction intensity and the damping �12,14�.

Experimentally, SFD behavior have been observed in ex-
tended quasi 1D geometries, as for ion transport in biological
membranes �18�, molecules channeling in zeolithes �19,20�
or in semicrystal of polymers �21�, protein diffusion along
DNA �22� or nanosized particles transport in nano-fluidic
devices �23,24�. However, some results seemed conflicting.
For instance, nuclear magnetic resonance studies �4,25� and
quasielastic neutron scattering experiments �25,26� using or-
ganic molecules in porous materials either concluded to sub-
diffusive transport �4,25� or to classical diffusion �25,26�
with apparently the same experimental conditions. In order
to clarify this point, experiments on colloidal particles with
magnetic �27� or electric �28,29� dipolar interactions diffus-
ing in a circular channel obtained by photolithography
�27,28� or optical tweezer trapping �29� have been per-
formed. While free diffusion is always observed for short
times, the long time behavior of the m.s.d. is not that clear,
some authors suggesting a t1/2 scaling in agreement with the
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theoretical predictions �27,29� whereas others invoke hydro-
dynamic coupling effects �28�. More recently, we have
shown that metallic balls with screened electrostatic interac-
tion diffuse slightly slower than in the case of a hard-core
interaction �15–17�, the power law coefficient ��0.5 de-
pending upon the interaction magnitude �15�. More surpris-
ingly, this diffusion is enhanced in the case of diffusion in a
fluctuating potential �16�.

All these results have to be reconsidered in the case of
finite channels since the particle diffusion then depends upon
the particle position in the channel �6,7�. In Sec. I, we
present our experimental setup and methods. The local po-
tential explored by the balls and the main results for the balls
diffusion are reported in Sec. II. For all particles, we exhibit
three successive dynamical regimes. Their evolution with the
interparticles interaction and with effective temperature de-
pends on the local potential experienced by the considered
ball. We focus on the “fluctuation echo” that may explained
why, in the correlated SFD regime in a finite channel, the
particles mobility increases with the local potential. These
results will be discussed in Sec. III. The SFD description by
a single effective diffusion as for infinite systems cannot be
relevant for finite channels since all the particles are distinct
with respect to the confinement frame. However, we shall see
that the SFD models of diffusion in a finite channel can be
adapted in order to introduce this position dependence to-
gether with the long-ranged interactions.

I. EXPERIMENTAL SET UP AND METHODS

In our experiment, stainless steel balls of radius R
=0.4 mm and weight m=2.15 mg are located in a horizon-
tal plane condenser of height h=1.5 mm. In order to capture
the balls positions by a camera placed above the experimen-
tal device, the upper electrode is a transparent conductor
glass. The bottom electrode is a doped-silicon wafer. Be-
tween these two electrodes, a metallic frame is intercalated
and confines the balls in a linear channel of width selected to
forbid any ball crossing. This frame is in electric contact
with the bottom electrode, and insulated with a mylar film
from the upper one. In order to charge the balls, a tunable
voltage V of about 1 kV is applied between the electrodes
�Fig. 1�.

In a previous study, we have shown that the interaction
potential between two balls is well described through a

modified Bessel function of the second kind K0. It reads

U�r� = �0V2he0K0�r/�� , �1�

where �0 is the vacuum permittivity, e0�0.71 is a numerical
constant and the screening length � is about 0.3 h
=0.5 mm and independent of the applied potential V �30�.
This expression has been experimentally validated and
shown to give accurately the equilibrium configurations of N
balls confined in a ring, with 5�N�30 �30�.

To introduce a thermal noise, the whole cell is fixed on
loudspeakers supplied by a white noise voltage. It has been
previously shown that the shaking amplitude stands for an
effective temperature �17,31�. This temperature is deter-
mined in situ by measuring the m.s.d. of a single ball con-
fined by an independent circular frame located on the same
cell �31�. We thus have a well controlled experimental sys-
tem which allows to follow the individual trajectories of in-
teracting particles over a long period of time.

The shape of the confinement potential depends upon the
applied potential V and the channel dimensions. Let l be its
width and L its length, with l�L. The beads have to be
aligned along a straight line in their equilibrium configura-
tion. It could be tempting to apply a large potential between
the electrodes but in this case the electrostatic pressure at the
chain extremities could favor an unwanted zigzag configura-
tion. The channel size has also to be well chosen. For a too
wide channel, the transverse confinement potential is too flat
along the channel axis, and a transition toward the zigzag
configuration happens. For a too narrow channel, even if the
1D configuration seems geometrically favorable, the super-
position of the two repulsive contributions of the long walls
induces a too small transverse confinement, once again fa-
voring a zigzag configuration. So a compromise has been
found: the applied potential V varies between 1000 and 1400
V while the channel width l and length L are 4 and 60 mm,
respectively.

Moreover, for a given channel, the relative importance of
the electrostatic pressure at the ends of the chain with respect
to the interparticle repulsion also depends upon the number
of particles. The results presented here have been obtained
with a system of N=32 balls for which the roles of the in-
terparticle and confinement contributions in the diffusion can
be clearly distinguished. The outermost balls feel a strong

FIG. 1. �Color online� Experimental set
up.
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longitudinal repulsive field due to the channel edge whereas
this contribution is negligible for the particles located in the
central part.

For each applied voltage and effective temperature, the
positions of the particles are captured by a video recording of
30 000 images, with a typical time between two snapshots of
10 ms, which is much smaller than the relaxation time asso-
ciated to the shaking process and determined from the
fluctuation-dissipation relation �15,32�. We thus get for the
ith particle a recorded trajectory ��xi�t� ,yi�t��	 where xi�t� �re-
spectively, yi�t�� is the instantaneous coordinate along �re-
spectively, normal to� the channel axis with the origin at the
left edge �respectively, on the axis�.

For each particle, the diffusion is characterized by its po-
sition distribution and the evolution with time of its mean
square displacement. To improve the statistics, we built a set
of statistically independent effective trajectories indexed by
t�: �xi�t , t��=xi�t+ t��−xi�t��	. The corresponding m.s.d. �i�t�
is then defined by

�i�t� = ���xi�t,t�� − �xi�t,t����2�� �2�

where the first brackets � . . . � refer to the usual average over
each effective trajectory �xi�t , t��	 while the second one is
over all initial times t�.

II. EXPERIMENTAL RESULTS

A. Nonuniform distribution of equilibrium positions and local
potentials.

The ball positions in the channel are shown on Fig. 2.
Since the interball repulsion is strong enough to locate the
outer ball near the edge, the channel is quasicompletely oc-
cupied. However, this distribution is not uniform, the inter-
ball distance di �defined as the distance between the ith and
�i+1�th balls� increasing roughly quadratically with the par-
ticle distance from the channel center as shown in Fig. 3. It is
noteworthy that in comparison to the uniform interball dis-
tance L /N, the outermost ball is farther from its neighbor
whereas the other balls are closer. This nonuniform distribu-
tion is characteristic of interacting particles confined in a
finite-sized channel, resulting from the competition between
the interball force which favors the chain expansion and the
repulsion by the edge which encourages its compression.

If we consider the particle position histograms, they are
symmetric for the inner balls, but a progressive asymmetry
takes place as the balls depart from the channel center, the
most asymmetric histograms being associated to the outer-
most particles �Fig. 4�. However, such histograms are mark-
edly different from those obtained for of hard-core interact-
ing particles �6,7�. In this case the outermost ball histograms
are not bell-shaped, and have much greater amplitude than
the others. For hard-core interactions, the outermost ball can
hit the wall which acts like a mirror, the resulting position
distribution being the superposition of the incident and re-

flected ball distributions �33�. In our case, by contrast, this
superposition is less effective since the repulsive confine-
ment is a long-range interaction and then the balls never hit
the channel edge. This is the first difference between the
hard-core interaction case and the long-range one.

The local potential experienced by each ball can be deter-
mined from its equilibrium position. Knowing the analytical
expression of the interparticle interaction, Eq. �1�, and the
equilibrium positions of every ball, we may calculate the
interball force f i exerted on each ball i in the channel. This
force obviously decreases with the applied voltage. It de-
creases as the ball approaches the channel edge �Fig. 5�a��
because the distances between adjacent balls increase. The
confinement forces are then extracted from those interball
forces by considering that each ball is in equilibrium under
the action of the confinement force, and the forces from its
neighbors. The obtained confinement repulsive force is pre-
sented in Fig. 5�b�. We can notice that near the channel edge,
the confinement potential is strong, rapidly increasing with
the applied voltage. Inside the channel, it is very small,
slightly decreasing as the particle gets closer to the channel
center and is roughly independent of the applied potential.

FIG. 2. Line of balls in the channel.
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FIG. 3. �Color online� Plot of the dimensionless interball dis-
tance di, normalized by L / �N+1�, as a function of the ball position
in the chain �in mm� for V=1000 V �light blue—light gray� and
V=1300 V �dark blue—dark gray�. The left edge and the center of
the channel are located at x=0 and x=30 mm, respectively.
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FIG. 4. �Color online� Position histograms of the first, 16th, and
32th balls, from left to right, for V=1300 V and T=1012 K. For
convenience, the histograms have been translated.
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The rigorous calculation of this confinement force re-
quires the �numerical� resolution of the Laplace equation
with Dirichlet boundary conditions on the confining frame
and on the balls to get the electrostatic potential and the
electric field. Then the surface charge distribution on a ball
must be determined in order to calculate the integrated con-
finement force. However, to understand the main relevant
features of the measured confinement force, it is sufficient to
estimate it with a simple model of a point charge in the
two-dimensional �2D� potential in the channel edge geom-
etry. This is done in the Appendix, and the result is the solid
line plotted in Fig. 5�b�, which exhibits a reasonable agree-
ment with the experimental data. We observe again that the
outermost balls actually feel the confining potential of the
channel edges.

So we can consider the inner balls as moving in a local
potential which is the superposition of strong repulsive po-
tentials due to their two neighbors and a very small confine-
ment contribution whereas the outermost balls experience by
contrast a strong and abrupt repulsive confining potential and
a slightly varying repulsion due to their relatively far neigh-
boring balls.

B. Diffusive behaviors

The time evolution of the m. s.d. of a confined ball looks
like a gradual slowing down, however three different re-

gimes of diffusion can be identified. After an initial free dif-
fusing regime �t� tcorr�, the balls undergo a correlated diffu-
sion �tcorr� t� tsat� during which their m.s.d. scales as t1/2

until finally, since the channel size is finite, their m.s.d.
reaches saturation values �tsat� t� less than a few per cent of
the interball distance �Fig. 6�. The time tcorr is somewhat
arbitrarily defined as the time associated to the maximum of
�i�t� / t since the m.s.d. varies as t� with �	1 before tcorr and
��1 for a correlated diffusion �see the insert Fig. 6�a��. We
define tsat by the crossing of the two straight lines corre-
sponding to the asymptotic behaviors of the correlated and
saturation regimes in log-log scales, as shown in the insert of
Fig. 6�b� �If we apply the previous method, defining tsat as
the maximum of �i�t� / t1/2 we get too scattered data�. Those
three diffusion regimes are observed for each ball, whatever
the voltage or temperature that is applied. Whatever the
m.s.d. amplitude, its saturation value at asymptotically large
time as well as the two crossover times tcorr and tsat depend
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FIG. 5. �Color online� �a� Plot of the interball interaction �in

N� as a function of the ball positions in the channel �in mm�. �b�
Plot of the dimensionless confinement force �in unit of �0V2� as a
function of the ball positions in the channel �in mm� for V
=1000 V �light blue—light gray-dots� and 1300 V �dark blue—
dark gray-dots�. Notice that the outermost balls experience abrupt
variations of the confinement potential. The solid line is the 2D
estimate detailed in the appendix.

FIG. 6. �Color online� Plot of the m.s.d. �in mm2� of the central
�filled disks� and the outermost balls �empty triangles� as a function
of time �in s.� for V=1000 V �a� and 1300V �b�. Three different
regimes can be observed. Their extensions vary according to the
ball position and the applied voltage. Notice the “curve crossing”
which is characteristic of the diffusion in finite channel and indi-
cates different dynamic regimes according to the ball position. The
insert in 6a and 6b, respectively, explain the measurements of tcorr

and tsat.
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on the ball position, the applied voltage and less significantly
on the effective temperature. For instance, the duration of the
correlated diffusion regime is much longer for the inner balls
than for the outermost balls when the applied voltage is high
�Figs. 6�a� and 6�b��.

More precisely, for short times �t� tcorr�, each ball moves
independently without efficiently interacting with its neigh-
bors and therefore performs a free particle diffusion �Fig. 7�.
Two time dependencies can be observed in this regime ac-
cording to the applied voltage or the ball positions. When the
local potential explored by the considered ball is flat because
it is far from the other balls and the applied voltage is small,
the classical linear diffusion regime of a free particle can be

observed after an initial quadratic regime. On another hand,
if the considered ball is charged by a strong enough voltage
and is located very close to its neighbors or near the channel
edge, it moves as a free particle in a local potential looking
like the bottom of a parabolic potential, so its m.s.d. varies as
t2.

In these “free diffusion regimes,” the diffusion increases
with the applied voltage whichever ball we consider. More-
over, for a given applied voltage, the diffusion coefficient
increases with the distance of the considered ball from the
channel center, the highest coefficients being always associ-
ated to the outermost balls �Fig. 7�. The duration of this free
regime varies also according to the position of the particles
and to the applied voltage. For instance, the crossover time
tcorr increases when the ball gets closer to the channel edge.
This time increases also with the applied voltage with a no-
ticeable exception for the outer balls �Fig. 8�. We point that
the resulting “crossing” of curves observed in Fig. 8 is iden-
tical to those observed for the normalized interball distances
�Fig. 3� and emphasizes the important role of the confine-
ment potential near the channel edge. We will see this again
in the next section. Similar behaviors are observed for all
effective temperatures, even if they are less marked as the
temperature decreases �Fig. 7, inset�.

In the saturation regime �t� tsat�, the m.s.d. reaches a con-
stant asymptotic value which decreases with the applied volt-
age, with the distance from the channel center, and increases
with the effective temperature �Fig. 9�. Moreover, the high
values of tsat observed for the inner balls underline the col-
lective nature of the correlation effects. Those balls experi-
ence the stronger interparticle force and the smallest inter-
particle distances, which would result in the most rapid
saturation only if they experience a static local potential. On
the contrary, because of the correlated motion of their neigh-
bors they reach their saturation last.

During the intermediate times �tcorr� t� tsat�, the m.s.d.
roughly varies as t����1� as for a correlated diffusion. For
the inner balls which roughly behave like balls embedded in
a large system, � is found slightly smaller than 1/2 in agree-
ment with our previous observations in a circular channel

FIG. 7. �Color online� Plot of the m.s.d. �in mm2� of the first
four balls closest to the channel edge and of the central ball, as a
function of time �in s.�, for V=1000 V �a� and 1300 V �b�, T
=1012 K. Only short times evolution is displayed. The highest dif-
fusion coefficient is always associated to the outermost ball and the
diffusion slows down as the particle gets closer to the channel cen-
ter. The diffusion increases with the applied voltage suggesting the
particular role played by the confinement. Notice also the evolution
of the crossover times with the ball positions. In insert, the corre-
sponding curves for T=8 1011 K.
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FIG. 8. �Color online� Evolution of the crossover time tcorr �in
s.� according to the ball position for V=1000 and 1300 V.
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�15,16� and simulations of that same system �12�. For the
outermost balls, � is on the contrary slightly higher than 1/2
�Fig. 6�. Apart from those small differences, the main point
which distinguishes the ball behaviors is the amplitude of the
single file mobility Fi, defined as �i�t�=Fit

� For a given
applied voltage, in contrast with the saturated m.s.d. values,
the mobilities increase from the central ball to the outer ones
as shown in Fig. 10. Moreover, the measured mobilities in-
crease with the applied voltage in spite of the intensification
of the repulsive forces. It is noteworthy that this result is in
contradiction with either the observations �17� or the theoret-
ical predictions �13� in a circular or an infinite channel. This
effect is thus a particularity of confined systems.

The estimations of tcorr and tsat show that the longest du-
ration of this correlated regime is obtained for the inner balls
charged by a small applied voltage. We can also notice that
the saturation times tsat are one to three orders of magnitude
larger than the correlation time tcorr, whereas simulations for
hard-core interaction suggests five orders of magnitude be-
tween these two times �6�. This confirms the important role
of the long-range interaction which drastically reduces the
extension of intermediate correlated regime by limiting the
accessible positions of balls.

III. DISCUSSION

No complete theory is devoted to the SFD of long-range
interacting particles in a finite channel. Therefore, in order to
discuss qualitatively our experimental results, we have
adapted the description dedicated to a finite system with

hard-core interaction, using an important result concerning
the SFD of long-range interacting particles in an infinite sys-
tem. Since all the experimental results suggest the impor-
tance of the local potential on the diffusion behaviors, the
basis of our approach is to consider the movements of the
ball as a diffusion in a quadratic potential described by a
stiffness K. This assumption is suggested, e.g., by the oscil-
lations observed on the m.s.d. of the outermost balls just
before saturation, which look like those observed in the
transverse diffusion of balls in a circular channel �16� �Fig.
6�b��. Consequently, we introduce a characteristic length
�kBT /K�1/2 �where T is the effective temperature, kB the Bolt-
zmann constant and K the effective stiffness of the local
potential� instead of the uniform distance L /N that is relevant
for hard core interactions.

We shall begin with the saturation regime. The exact ex-
pression of the saturation values �i��� obtained for hard-core
interacting particles confined in a finite chain with rigid
edges is given in references �2,8�. Taking back the expression
of Beijeren et al. �2� and considering that our experiment
corresponds to a very small average occupation of sites and a
number of balls N1, the m.s.d. �i��� could be written,

�i��� = �xi
2� − �xi�2 � 
 L

N
�2 i�N + 1 − i�

N
. �3�

Thus, for hard-core interacting point particles, the m.s.d. of
the central ball i= �N+1� /2 is L2 /4N whereas that of the
outermost one �i=1 or N� is �L /N�2. These results are in
agreement with the analytical results obtained recently by

FIG. 9. �Color online� Evolution of the m.s.d. saturation values
�i���, in mm2, with the ball position for V=1000 V �a� and 1300V
�b�, T=1012 K. Insert: The camel back evolution of �i��� �in mm2�
is obtained if we consider the actual dependence of di with the ball
number in the expression �2�. The order of magnitude is also satis-
factorily recovered.

FIG. 10. �Color online� Evolution of the mobility F with the ball
position for V=1000 �blue—light gray-� et 1300V �red—dark
gray-�, �a� T=1012 K, �b� T=8 1011 K�.
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Lizana et al. �6,7� for the particle placed in the middle of the
channel and the exact derivation of the variance for the balls
at each extremities. A simple rescaling of this expression
enables the consideration of the case of particles with finite
size �,

�i��� = �xi
2� − �xi�2 = 
L − N�

N
�2 i�N + 1 − i�

N
. �4�

This expression can be adapted to the case of long-range
interacting particles by considering that the particles explore
at most only a small part of the interparticle distance given
by 2�

kBT

K �1/2. We can thus consider that the unexplored region
has an effective finite size �ef f defined by

�ef f =
L

N
− 2
 kBT

K
�1/2

. �5�

Substituting this expression in expression �1�, we obtain

�i��� � 4
 kBT

K
� i�N + 1 − i�

N
. �6�

For the interball distances commonly found in our experi-
ments, we may approximate the K0 interaction by a logarith-
mic dependence �30�, the effective stiffness K of the interball
interaction being then proportional to V2 /d2 �see Eq. �1��, so
that

�i��� � 4
 kBT

K
� i�N + 1 − i�

N
� 
 kBTdi

2

V2 � i�N + 1 − i�
N

.

�7�

According to this expression, �i��� increases with the tem-
perature, decreases with the applied voltage, and the smallest
saturation values are associated to the outermost balls in
agreement with the experiments �Fig. 9�.

This qualitative explanation gives the same order of mag-
nitude for the calculated and measured saturation values,
much smaller than the saturation value �i��� given by the
expression �3� associated to hard-core interaction. For in-
stance, Table I compares the measured m.s.d. to those esti-
mated with expression �7� for the central and the outermost
balls from their actual positions in the channel.

We shall now consider the “free regime” at very small
times �t� tcorr�. In the case of hard-core interaction, the time
tcorr is estimated by �L/N�2

D where D is the free diffusion coef-
ficient. In the case of long-range interacting particles in an
infinite or a cyclic system, it is suggested �13� to replace D
by an effective diffusion coefficient Def f given by

Def f =
K

�L/N�2kBT
D . �8�

This relation confirms that �kBT /K�1/2 is the relevant distance
in the case of interacting particles since the time tcorr=

�L/N�2

Def f

is nothing else but the time tcorr=
�kT/K�

D of free diffusion on
the characteristic distance �kBT /K�1/2. Introducing the inter-
ball distance to estimate the potential stiffness, we obtain

tcorr =
�kT/K�

D
�

�kTd2/V2�
D

. �9�

This description with an effective diffusion coefficient is rel-
evant for a weak local potential only. In the case of strong
local potential for which no linear regime has been observed
�in the inner and outermost balls cases for instance�, it is
better to describe the ball movement as a ballistic motion in
a roughly parabolic potential. In this case tcorr is proportional
to the oscillation period,

tcorr �
1

K1/2 �
d

V
. �10�

Whatever description we consider, tcorr increases with the
interball distance d and decreases with the applied voltage V,
in qualitative agreement with our results. However, this pic-
ture is too simple to quantitatively describe this crossover
time. Indeed, the calculated tcorr are larger than the measured
ones. This suggests that when the correlations are strong
enough, each particle cannot fully explore its environment
before being correlated with other balls.

More surprisingly, it was observed that in this regime, the
free diffusion is faster for high applied voltage, the effect
being particularly strong for the outermost ball. In our analy-
sis, this effect is specific to finite size systems of long-range
interacting particles. Indeed, any position fluctuation of a
ball induces a displacement of its neighbors which propa-
gates along the channel and is reflected at the edges. Thus,
each ball is submitted to the fluctuations resulting from the
thermal bath and from these “echo fluctuations.” Its resulting
actual effective temperature is then higher than in an infinite
system for which such “echo mechanism” is obviously miss-
ing. The importance of this effect depends upon the place of
the particle in the channel since the fluctuations are damped
over a characteristic length. Only the balls not too far from
the edges are concerned. It also depends on the interparticle
and confinement potential. The higher the repulsive interac-
tion and the closer the edge, the smaller the “echo time.”

TABLE I. Comparison between the m.s.d. at saturation �i��� measured in our experiments �second and fourth column from left�, the
estimation provided by Eq. �7� �first and third column� and the simulations of Lizana and Ambjörnsson �Ref. �6� and Eq. �3�� for hard core
interactions �last column to the right�.

Calculated V=1000 V
�mm2�

Measured V=1000 V
�mm2�

Calculated V=1300 V
�mm2�

Measured V=1300 V
�mm2�

Hard core interaction
�mm2�

Central ball 0.12 0.4 0.11 0.35 27

Outermost ball 0.09 0.25 0.04 0.11 3.3
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This is observed in our experiment: the free diffusion of
the outermost ball is significantly more rapid than those of
the inner ones �Fig. 7�. A simple picture of this effect in the
frame of a Brownian motion can be given by considering the
number of steps occurring during the time t. Without echo,
the free diffusion coefficient would be given by l2 /�c where
l is the mean free path and �c the collision time. We shall
now consider the ith ball, the echo time techo�i� associated to
this ball is roughly given by 2li /v where li is the distance
between the frame edge and the ith ball and v the sound
velocity in the system. The velocity v is proportional to V
through the square root of the system stiffness �since the
interballs potential is proportional to V2, see Eq. �1��, so
techo�i� varies as

techo�i� = 2
li

v
�

li

V
. �11�

So the step number during the time t is simply given by
t /�c+ t / techo. When the ball is far from the edge, techo�c and
the contribution to the Brownian motion of the “echo mecha-
nism” can be neglected �this effect is even stronger if we also
introduce some damping during fluctuation propagation�. By
contrast, for a ball close to the edge, in particular for the
closest ones, techo and �c can be of the same order, so that the
number of jumps is higher than for a ball located in the
central part of the channel, and the diffusion is then quicker.
This assumption is confirmed by the spectral analysis of the
fluctuations of ball trajectories which shows that the largest
spectral band is obtained for the outermost balls �Figs. 11�a�
and 11�b��. As a consequence, the diffusion coefficient for
the balls not too far from the edge varies as V / li in qualita-

tive agreement with the observed behaviors discussed in Sec.
II B. More quantitatively, we shall indicate that this kind of
effect has been previously described in the case of a chain of
coupled harmonic oscillators submitted to a fluctuating force
and fixed by an extremity on a wall �34�.

Lastly, we shall discuss the results obtained in the corre-
lated regime. The inner balls can be understood as embedded
in an infinite chain. So in agreement with our previous re-
sults on large cyclic systems, they diffuse as t� with �
slightly smaller than 1/2. In contrast, the outermost balls
move in a potential created by a fixed edge and a fluctuating
ball. Its motion is thus less correlated with those of the other
balls than the motion of an inner ball surrounded by other
diffusing particles. The behavior of the m.s.d. of an outer-
most ball, scaling as t� with � higher than 1/2 may be un-
derstood as a compromise between the linear behavior ob-
served when a particle diffuses near a fixed wall �5� and the
“correlated diffusion” varying as t1/2. Along the channel, the
m.s.d. behaviors continuously evolve between these two ex-
tremes.

In the frame of the Kollmann theory �13�, the mobility F
is given by

F � �DkBT

V2 1/2
�12�

and cannot depend on the location of the ball in the channel
since this model is devoted to infinite systems only. In order
to account for the channel finite size, we insert as for the free
regime a diffusion coefficient that includes the “echo effect.”
The main dependence of the mobility would then be given
by

Fi �
di

V
�kBT�1/2�V

li
1/2

. �13�

This expression suggests a correct picture for the evolution
according to the ball location but unfortunately cannot ex-
plain, even qualitatively, the observed increase of the mobil-
ity with the applied voltage. A complete modelization that
more precisely includes the echo mechanism, seems to be
required.

IV. CONCLUSION

Experiments have been performed to gain a better under-
standing of the diffusion of a set of particles with long-range
interaction, placed in a finite length channel, so narrow that
the particles cannot cross each other. We show that the re-
sponse of a given particle to thermal fluctuations strongly
depends on its position and on the local potential it experi-
ences. Following the particle trajectory when time goes on
from a given origin, we can clearly identify three different
regimes.

At small times, a “free regime” takes place, with the out-
ermost particles exhibiting the highest diffusion coefficient.
This effect results from an “echo” of the thermal fluctuations
reflected by the channel wall. This behavior is specific of the
long-range interaction since it is driven by the elastic propa-
gation of the thermal fluctuation along the chain. Because of

FIG. 11. Spectral analysis of the central �a� and the outermost
ball �b� trajectories.

DELFAU et al. PHYSICAL REVIEW E 82, 031201 �2010�

031201-8



the organization of the particles in a sequence, a correlated
regime takes place at longer times, until finally the finite
length of the channel induces the saturation of fluctuations.
We show that these behaviors may be described at least heu-
ristically, replacing the uniform inter particle distance L /N in
the models describing the diffusion of hard-core interacting
particles in a finite-sized channel by the characteristic dis-
tance �kBT /K�1/2 built upon the temperature T and the stiff-
ness K of the local potential. This lengthscale provides a very
satisfactory estimate of the fluctuations sizes, whereas as-
suming hardcore interactions induces a clear discrepancy
with our observations.

The results concerning SFD of confined particles show
the specific role of the confinement potential near the chan-
nel edges. They could be considered in order to analyze the
motion of particles in various strips or pores since in many
cases the extremities of such systems induce specific poten-
tial barriers. For instance, we could use this kind of effect to
discuss the flux-flow noise measured on superconductor
strips which largely depends on the vortice motion fluctua-
tions near the sample edge �35�.
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APPENDIX

In this appendix, we estimate the confinement force ex-
erted on a ball near the channel edge. The cell is modelized
as two-dimensional �see Fig. 12�, the upper electrode being a
straight line at potential V0 and the lower one, at potential 0,
as three straight line segments with two right angles. The
largest distance between the two electrodes is h, the smallest
one is a=�h with �=1 /15. The electric potential in this 2D
condenser is given by the complex representation �36�

z

h
= −

1

�
�arccosh� �2� + 1��2 − 1

1 − �2 
− � arccosh� �1 + �2�� − 2

�1 − �2�� � + i , �A1�

where the complex function �=exp�i�w /V0� depends on the

complex potential w=V− iF where V is the electric potential
and F the 2D electric flux. The relevant equipotentials are
shown in Fig. 12. From a numerical resolution of the three-
dimensional �3D� Laplace equation, we have checked that
the 3D equipotentials, along the channel axis, are very close
to their 2D counterpart.

We may deduce the electrostatic field from this implicit
expression of the potential using the formula

Ex − iEy = −
dw

dz
= − 
 d�

dw
�−1
 dz

d�
�−1

. �A2�

The force exerted by this field on a ball in the channel is then
estimated by a rather crude approximation. Using the capac-
ity of a conducting sphere, we estimate the electric charge Q
of a ball of radius R at Q�4��0RV0. The force exerted by
the channel wall on the ball, along the channel axis, is then
QEx, and we assume that it is applied on the ball center.
From Eq. �A1� we deduce the values �Vj ,Fj� associated with
some points �xj ,yj =R�, and from Eq. �A2� the corresponding
values of the electric force QEx�xj ,R�. The result of these
calculations is plotted in Fig. 5�b�.
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